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Revision 2012-06-16: Added reference to J.R. Whitehead’s book on superre-
generation for an exhaustive analytical investigation of superregeneration. Other,
more generic references pointing to an analytical approach for the resulting dif-
ferential equations were dropped.

Revision 2012-03-22: Corrected expression (21) and preceeding calculations to
give the correct amplification to bandwith relation for the regular regenerative
receiver.

Abstract

The superregenerative receiver as patented by Armstrong [8] is known for it’s ability
to reach extremely high amplification factors with only one tuned circuit, greatly ex-
ceeding the amplification factors that are commonly reached by single tuned circuit
regenerative receivers. This article is about exploring how superregeneration works.
We will see that superregeneration is based on the development of free oscillations in
the tuned circuit and has little in common with “regular” regeneration. A common
simple explanation of superregeneration that is based on the idea of reaching an optimal
regeneration level on average is analysed and proven to be incorrect. After analysing
the implications of a continuous time dependent feedback function on the differrential
equations describing the tuned circuit, we will explore numerically what happens in a
tuned circuit with superregeneration applied. As an important result we will see that
the superregenerative tuned circuit is not bound by the well known amplification factor
to bandwidth relation imposing a limit on the maximum amplification factor of a single
tuned circuit based on the bandwidth requirements to receive modulated RF signals.

The tuned cirucit with feedback

We will use the lossy tuned circiut with a linear feedback model depicted in figure
1 and described in detail in [2]. As in the aforementioned article, the current in
the feedback coil shall be given by

Ir(t) = β(t)UC(t)
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However, this time β is either a continuous function of time or (in a simpler
approach) alternating between two values. If we now look again at the tuned
circuit and apply Kirchhoff’s loop rule it follows that

UL(t) + UR(t) + UC(t) = UA(t)

Substituting the expressions for UL, UR and UC derived in [2] yields

Lİ(t)− k
n

nr

Lrİr(t) +RI(t) +
1

C
Q(t) = UA(t) (1)

which shall be our starting point for all further analysis.
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Figure 1: Lossy LC circiut with feedback

A look into the nature of superregeneration

A basic understanding of the nature of superregeneration can be obtained by
assuming a time dependent feedback to shift suddenly between a state where the
tuned circuit it will start to oscillate and back to a state below the oscillation
threshold. We can then start by solving (1) and look at the different types of
solutions. First, we differentiate (1) once more with respect to time yielding

LÏ(t)− k
n

nr

LrÏr(t) +Rİ(t) +
1

C
I(t) = U̇A(t) (2)

for the current I(t) in the tuned circiut. Since β is assumed to be constant
within the two aforementioned states (tuned circuit above and below oscillation
threshold) we can calculate Ïr(t) within the two states as follows:
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Ïr(t) =
d2

dt2
(βUC(t)) =

d2

dt2

(
β
1

C
Q(t)

)
=

β

C
İ(t)

Inserting this expression into (2) yields

LÏ(t) + R̃İ(t) +
1

C
I(t) = U̇A(t) (3)

with the already familiar [2] virtual loss resistance

R̃ = R− k
n

nr

Lr
β

C

This differential equation is a linear second order differential equation with con-
stant coefficients. The procedure for solving this type of differential equation
is well known and can be found in almost any textbook on ordinary differen-
tial equations and also in [5]. We’ll first need to find two linearly independent
solutions of the related homogeneous differential equation:

LÏ(t) + R̃İ(t) +
1

C
I(t) = 0 (4)

Setting I(t) = eλt results in the characteristic equation

Lλ2 + R̃λ+
1

C
= 0

with the solutions

λ+/− = − R̃

2L
±

√√√√( R̃

2L

)2

− 1

LC

In order for (4) to have oscillatory solutions the absolute value of the virtual loss
resistance must be below a critical value, so that(

R̃

2L

)2

<
1

LC

In this case we get

λ+/− = − R̃

2L
± iωh

with
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ωh =

√√√√ 1

LC
−

(
R̃

2L

)2

(5)

yielding two solutions for I(t) which are

I+/−(t) = e−
R̃
2L

te±iωht

From these complex-valued solutions the two linearly independent real-valued
solutions,

I1(t) = e−
R̃
2L

t sin (ωht)

and

I2(t) = e−
R̃
2L

t cos (ωht)

can be extracted by using Euler’s formula. The general solution Ih(t) of (4) is
then given as the linear span over I1(t) and I2(t):

Ih(t) = C1 · e−
R̃
2L

t sin (ωht) + C2 · e−
R̃
2L

t cos (ωht)

Using trigonometric identities [6], this can be rewritten as

Ih(t) = C · e−
R̃
2L

t · sin (ωht+ θ) (6)

We now need to find one particular solution of the inhomogenious differential
equation (3). Since the driving voltage UA(t) is assumed to be UA(t) = ÛA sin (ωt)
and therefore

U̇A(t) = ÛAω cos (ωt)

this can easily be done by complexifying the right hand side. Since

ÛAω cos (ωt) = ℜ
(
ÛAωe

iωt
)

if we find a complex-valued solution for

LÏ(t) + R̃İ(t) +
1

C
I(t) = ÛAωe

iωt (7)

the real-valued part of it will be a solution of

LÏ(t) + R̃İ(t) +
1

C
I(t) = ÛAω cos (ωt) (8)
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Finding a particular solution Ip(t) for (7) is quite straightforward. By setting

Ip(t) = A(ω)eiωt (9)

the complexified inhomogeneous differential equation (7) leads to:

−ω2LA(ω) + iR̃ωA(ω) +
1

C
A(ω) = ÛAω

Solving for A(ω) yields:

A(ω) =
ÛAω

1
C
− ω2L+ iωR̃

By substituting this into (9) and retaining only the real-valued part, we obtain
the following particular solution for the inhomogeneous differential equation (8):

Ip(t) =
ÛA√

R̃2 +
(

1
ωC

− ωL
)2 sin (ωt+ φ) (10)

with

φ = arctan

( 1
C
− ω2L

ωR̃

)
(11)

The general solution of the inhomogeneous differential equation (8) is composed
of the general solution of the related homogeneous differential equation and the
particular solution of the inhomogeneous differential equation, so that

I(t) = Ih(t) + Ip(t)

which gives us the solution

I(t) = C · e−
R̃
2L

t · sin (ωht+ θ) +
ÛA√

R̃2 +
(

1
ωC

− ωL
)2 sin (ωt+ φ) (12)

It should be noted that C and θ are determined by the initial conditions of the
system, while φ is given by (11). Interpreting the above results in physical terms
it becomes obvious that the solution Ih(t) of the related homogeneous differential
equation describes the free oscillations of the system while the particular solution
Ip(t) of the inhomogeneous differential equation describes the forced oscillations
due to the applied driving voltage UA(t).
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Free and forced oscillations exhibit some very distinct features as can be seen
from (12). The amplitude of the free oscillations with frequency ωh (5) is time
dependent, growing exponentially over time for a negative virtual loss resistance R̃
and decaying exponentially over time for a positive loss resistance. The amplitude
of the forced oscillations however does not depend on time. Furthermore, since
the virtual loss resistance only appears as R̃2 in the expression for the amplitude
of the forced oscillations, a virtual loss resistance of −R̃ will result in the same
amplitude as a virtual loss resistance of +R̃. With this in mind we can now
debunk a common false explanantion of how superregeneration works that is
given in many publications on radio receivers targeted at a more general audience
(see [7] for an example). This explanation is based on the idea that alternating
the virtual loss resistance between a positive and a roughly equal negative value
will “on average” lead to an “optimal point of regeneration” with the virtual
loss resistance beeing extremely close to zero. Much closer than it could ever
be adjusted manually. In other words, the superregenerative receiver is seen as
a regenerative receiver with a superior automatic adjustment of the “average”
regeneration level. However, since the virtual loss resistance only appears as
R̃2 in the expression for the amplitude of the forced oscillations, alternating R̃
between a posivite and a roughly equal negative value is not going to create an
average virtual loss resistance near zero. Therefore, the whole idea of an “optimal
point of regeneration on average” is wrong.

To explain superregeneration, we need to look at the free oscillations. For a
negative virtual loss resistance their amplitude grows exponentially over time.
Therefore after some time their amplitude will greatly exceed to amplitude of
the forced oscillations. If the virtual loss resistance becomes positive again, the
free osciallations decay exponentailly over time. Those growing and decaying free
oscillations are the cause of the burst-like oscillation patterns exhibited by super-
regenerative circuits. The phase where R̃ is negative may therefore be called the
“kindling” semi-cycle, while the phase where R̃ is positive could be dubbed the
“quenching” semi-cycle. The crucial part of superregeneration is that the forced
oscillations, altough neglectable for most of the kindling/quenching cycle, play
an important role a the point where the virtual loss resistance crosses into nega-
tive territory and the free oscillations begin to build up. The forced oscillations
are responsible for creating the non-zero initial conditions needed to have free
oscillations instead of the trivial solution Ih(t) ≡ 0 of the related homogeneous
differential equation (4). A bigger amplitude of the driving voltage ÛA and a
frequency ω closer to the resonant frequency of the tuned circuit will lead to
a bigger amplitude of the forced oscillations which will in turn lead to a more
excited initial state of the tuned circuit at t = 0 when R̃ becomes negative and
therefore a bigger constant C for the free oscillations in (12). Since the amplitude
of the free oscillations is given by
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Îh(t) = C · e−
R̃
2L

t

we see that detecting the peak amplitude of the free oscillations (at the and of
the kindling semi-cycle, just before the beginning of the quenching semi-cycle)
will give us the value of the constant C amplified by a factor of

a = e−
R̃
2L

tk

where tk marks the end of the kindling cycle. (Keep in mind that Îh(0) = C)
With the period of the kindling/quenching cycle beeing sufficently long, a can
grow considerably large. It now becomes obvious that superregeneration is of
an entirely different nature than “regular” regeneration and basically only shares
a part of it’s name. Superregenerative circuits are sampling amplifiers taking
samples of the excited state of the tuned circuit at the beginning of the kindling
semi-cycle caused by the forced oscillations which are in turn caused by the
driving voltage.

Continuous feedback function and virtual capacitance

Although the simplified considerations in the previous section already gave in
insight into the nature of superregeneration we’ll now do some more in-depth
analysis. The apparently most simple way of introducing a smooth time depen-
dence of the feedback would be to make the virtual loss resistance R̃ a sufficiently
smooth function of time R̃(t). However, we’ll make a more thorough approach
and start with a sufficiently smooth function of time for the feedback factor β(t).
We will see, that simply moving from R̃ to R̃(t) is only justified if the frequency
of the quenching/kindling cycle is considerably lower than the resonant frequency
of the tuned circuit.

We will start again with (1). However, at this point we will not differentiate
this expression once more with respect to time to reach the differential equation
for the current I(t) in the tuned circuit. It turns out that now, for practical
reasons that will become apparent later on, it’s easier to focus on the charge of
the capacitor Q, which is related to the voltage of the capacitor UC by UC = Q/C.
Using I(t) = Q̇(t) equation (1) can be written as

LQ̈(t)− k
n

nr

Lrİr(t) +RQ̇(t) +
1

C
Q(t) = UA(t) (13)

Differentiating Ir(t) with respect to time gives by virtue of the product rule:

İr(t) =
d

dt
β(t)UC(t) =

d

dt
β(t)

Q(t)

C
=

1

C

(
β̇(t)Q(t) + β(t)Q̇(t)

)
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Inserting this into (13) and sorting the resulting expression by derivatives of Q(t)
with respect to time yields:

LQ̈(t) +

(
R− k

n

nr

Lr
1

C
β(t)

)
Q̇(t) +

1

C

(
1− k

n

nr

Lrβ̇(t)

)
Q = UA(t) (14)

We now see that in addition to the already familiar virtual resistance

R̃(t) = R− k
n

nr

Lr
1

C
β(t) (15)

a virtual capacitance

C̃(t) =
C

1− k n
nr
Lrβ̇(t)

(16)

arises. However, as mentioned above, it turns out that for practical superre-
generative circuits where the frequency of β(t) is much lower than the resonant
frequency of the tuned circuit, the virtual capacitance C̃ can be regarded as
approximately equal to the physical capacitance C and therefore also constant.
This can be seen as follows:

A typical intervall for the virtual resistance R̃ to move within is from −R to
+R. Assuming β(t) to be a phase shifted sine wave with amplitude β̂, angular
frequency κ and phase shift α plus a constant K, i.e.

β(t) = β̂ sin (κt+ α) +K

this can be achieved by choosing

β̂ = K =
R

k n
nr
Lr

1
C

Let us now examine the virtual capacitance.

C̃(t) =
C

1− k n
nr
Lrβ̇(t)

=
C

1− k n
nr
Lrβ̂κ cos (κt+ α)

=
C

1−RCκ cos (κt+ α)

From this we see that if RCκ ≪ 1 then C̃(t) ≈ C. We now need to look at the
Q-factor of our tuned circuit [3].

Q =
1

R

√
L

C
=

1

R

1

ω0C
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Since a practical tuned circuit has a Q-factor greater than 1 (Q = 1 is a really bad
Q-factor. We don’t need to worry about a reasonable tuned circuit not exceeding
Q = 1)

R <
1

ω0C

and therefore

RCκ <
1

ω0C
Cκ =

κ

ω0

and therefore C̃(t) ≈ C if κ ≪ ω0. The virtual capacitance can be assumed to
be approximately the physical capacitance if the quenching/kindling frequency κ
is much lower than the resonant frequency ω0 of the tuned circuit. In this case,
the differential equation describing the circuit is

LQ̈(t) + R̃(t)Q̇(t) +
1

C
Q(t) = UA(t) (17)

with R̃(t) given by (15). Further analytical treatment of this differential equation
is possible. It turns out that the assumptions making the virtual capacitance ne-
glectable also allow for an analytic soltution of (17). An exhaustive treatise of
this is given in [4]. The reader should however be aware that the basic super-
regenerative circuit in [4] employs a time-dependent paralell conductance instead
of a time-dependent feedback control, respectively a time-dependent series resis-
tor as used here. We will, however, not further persue this option and switch to
numerical methods using LSODE [9] at this point.

Numerical analysis with sinusoidal feedback

We assume the feedback function β(t) to be chosen in such a way that the time
dependent virtual loss resistance R̃(t) is given by

R̃(t) = R̂ (sin (κt+ α) + δ) (18)

The parameters δ and α require some explanation. First, we want to be able to
shift R(t) towards more positive values, so that on average there’s more quenching
than kindling. Further down, we’ll see that this becomes necessary to avoid a
“memory effect” in our circuit. Second, we want to be able to control in which
semi-cycle the oscillator starts at t = 0, the kindling semi-cycle or the quenching
semi-cycle. For α = 0 the oscillator starts in the quenching semi-cycle, for α = π
the oscillator starts in the kindling semi-cycle. The driving voltage is again
assumed to be
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UA(t) = ÛA sin (ωt)

Since we are interested in exploring superregeneration in general and not devel-
oping a concrete circuit, we can set L = 1 and C = 1. Equation (17) then
becomes

Q̈(t) + R̂ (sin (κt+ α) + δ) Q̇(t) +Q(t) = ÛA sin (ωt) (19)

Since in this case we have a resonant frequency of the tuned circuit of ω0 = 1,
setting κ = 0.01 provides us with a reasonable quenching/kindling frequency. We
start our exploration by trying to find a suitable value for the amplitude of the
sinusoidal virtual loss resistance R̂. We do this by removing the driving voltage
(ÛA = 0), setting non-zero initial conditions Q(0) = 1 and Q̇(0) = 0 at t = 0 and
starting the oscillator in the kindling semi-cycle (α = π). We then vary R̂ and
try to find a value where the oscillations in the tuned circuit decay substantially
over 10 or 20 periods. It turns out that R̂ = 0.1 is a good choice as can be seen
from figure 2.
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Figure 2: Decaying free oscillations for R̂ = 0.1

We now want to see the shape of a complete burst (that is a kindling semi-cycle
followed by a quenching semi-cycle) with R̂ = 0.1. For this, we need to start
the ocsillator in the kindling semi-cycle by setting α = π and leaving the other
parameters untouched. The result can be seen in figure 3. However, so far the
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kindling semi-cycle is as long as the quenching semi-cycle since δ = 0. This
leads to an indefinite memory of our circuit where it will “remember” the initial
conditions and create bursts accordingly for all times as can be seen in figure
4. We now need to find a suitable positive value for δ, shifting the virtual loss
resistance R(t) on average into the positive (damping) region. Our demands are
that there be at most one noticable second burst, and that one should still be
considerably smaller than the initial burst. Setting δ = 0.1 does a nice job in
suppressing the bursts following the initial burst as can be seen from figure 5.
Note that as a trade-off the peak amplitude of the bursts is also decreased.
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Figure 3: The complete kindling and quenching cycle

We are no ready to apply a small driving voltage with a chosen amplitude of
ÛA = 0.01 and are in turn setting the initial conditions to Q(0) = 0 and Q̇(0) = 0.
It should be noted that despite the zero initial conditions, the tuned circuit will
still experiance an initial exitation since at t = 0 the driving voltage is switched
on and the derivative of UA(t) with respect to time at this moment U̇A(0) is not
zero. We could now wait for some time for the effects of the initial exitation
to decay (thanks to δ > 0). There is however a simpler “trick”. We start the
ocsillator in the quenching semi-cycle at t = 0 by setting α = 0, so that the effects
of the initial exitation will decay before the first kindling semi-cycle is reached.

We will start with a driving voltage frequency ω off from the resonant frequency
ω0 of the tunded circuit and successively approach the resonant frequency. In
particular we have used ω = 0.8 in figure 6, ω = 0.88 in figure 7, ω = 0.9 in figure
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8, and ω = 0.95 in figure 9.

From this we see that with the driving voltage frequency ω off the resonant
frequency of the tuned circuit there are no noticable bursts. Approaching the
resonant frequency the peak amplitude of the bursts increases dramatically. A
similar behaviour is observerd when starting with a frequency of the driving
voltage above the resonant frequency of the tuned circuit and lowering the driving
voltage frequency.

When varying the driving voltage amplitude ÛA it turns out that the peak ampli-
tude of the bursts show a linear dependance on ÛA, i.e. doubling the amplitude
of the driving voltage will also double the peak amplitude of the bursts. The
peak amplitude of the bursts versus the amplitude of the driving voltage for a
driving voltage frequency of ω = 0.95 has been plotted in figure 10.
The amplification factors are indeed remarkable as one can see from the previ-
ous results. At ω = 0.95 a driving voltage amplitude of ÛA = 0.01 leads to a
peak burst amplitude of approxematly 200, resulting in an amplification factor
of 20,000. At ω = 1 the peak burst amplitude is 2900 giving an amplification
factor of 290, 000.

Superregeneration and bandwidth

So far one may argue that the amplification factors achieved by superregeneration
could also be reached with regular regeneration by simply bringing the virtual loss
resistance R̃ sufficiently close to zero by an appropriate ammount of feedback. In
practical circuits, however, numerous stability and feedback control issues would
have to be adressed. Even more important, there is a “hard” lower limit for the
virtual loss resistance R̃ given by the minimum bandwidth of the tuned circuit
required to receive a modulated RF signal.

The calculation of the bandwidth of a tuned circuit with regular regeneration is
straight forward. The bandwidth (in angular frequency units) is given by the
distance between the two frequencies ω1 and ω2 where the amplification factor
has dropped to 1√

2
of the amplification factor at the resonant frequency ω0 =

1
LC

.

Since (10) also describes the driven tuned circuit with regular regeneration (R̃ not
alternating), we can use the expression for the amplitude of the forced oscillations
current

Îp =
ÛA√

R̃2 +
(

1
ωC

− ωL
)2

that is apparent from (10). We then get
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ÛA√
R̃2 +

(
1
ωC

− ωL
)2 =

1√
2

UA√
R̃2 + 02

Solving for ω we obtain the following two non-negative solutions ω1 and ω2

ω1/2 = ± R̃

2L
+

√√√√( R̃

2L

)2

+
1

LC

and therefore the bandwidth is

∆ω = ω1 − ω2 =
R̃

L
(20)

From the above equation it follows that the minimum virtual loss resistance R̃ is
determined by the required bandwidth ∆ω for receiving modulated RF signals.
Let us now look again at the expression for the current of the forced oscillations
in the tuned circuit (10). We can obtain the voltage at the capacitor for the
driven oscillations UC,p(t) by integrating Ip(t) over time which will give us the
charge Q and then dividing by C.

UC,p(t) =
1

C

∫ t

0

Ip(τ)dτ = − 1

C

ÛA

ω
√
R̃2 +

(
1
ωC

− ωL
)2 cos (ωt+ φ)

At resonant frequency ω0 =
1√
LC

the amplitude ÛC,p of the voltage at the capac-
itor becomes

ÛC,p =
1

C

ÛA

1√
LC

R̃

and the amplification factor µ =
ÛC,p

ÛA
is therefore

µ =

√
LC

CR̃

Combining this with (20) we obtain the following expression for the maximum
amplification factor possible at a required bandwidth ∆ω in a tuned circuit with
regular regeneration.

µmax =
ω0

∆ω
(21)

By replacing the virtual loss resistance with the physical loss resistance [2] this
also applies to tuned circuits without regeneration and is a well known fact in
electrical engineering. Going back to beginning of this section, we now want to
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know what bandwidth we would end up with if we were trying to achieve an am-
plification factor of µ = 290, 000 at resonance as reached in our superregenerative
model circuit with a tuned circuit with regular regeneration. Setting L = C = 1
in (21) and solving for ∆ω, we get ∆ω = 3.4 · 10−6

To have any comparison we now need to numerically determine the resonance
curve and the bandwidth of our superregenerative model curcuit by solving dif-
ferential equation (17) numerically for a suitable number of values for ω around
ω0 = 1 and plotting the result. This has been done in figure 11.
From this plot, the bandwidth can be determined to be approximately ∆ω =
0.035 which is a 10,300 fold increase over the bandwidth of our model circuit
with regular regeneration.

We have reached an important conclusion: The crucial property of tuned circuits
with superregeneration is that they are not bound by the amplification factor to
bandwidth relation (21)! This is what makes these extremely high amplification
factors possible without minimizing the bandwidth beyond usability for modu-
lated RF signals. One should bear this in mind when listing the lack of selectivity
in crowded bands as a disadvantage of superregenerative circuits.
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Figure 4: Indefinite memory for δ = 0
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Figure 5: Suppressing the following bursts
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Figure 6: No noticable bursts for ω = 0.8
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Figure 7: Small bursts for ω = 0.88
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Figure 8: Bursts for ω = 0.9
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Figure 9: Bursts for ω = 0.95
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Figure 10: Peak burst amplitude versus ÛA at ω = 0.95

 0

 500

 1000

 1500

 2000

 2500

 3000

 0.9  0.95  1  1.05  1.1

pe
ak

 b
ur

st
 a

m
pl

itu
de

driving voltage frequency

Figure 11: Typical resonance curve of a superregenerative receiver
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